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Boundary Layer Integration Analysis
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Boundary Layer Integration Analysis

Boundary Layer Approximations:

 x-momentum (u) >> y-momentum (v-v0)

(x-convection >> y-convection)
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 y-derivatives >> x-derivatives:                  and 

(y-diffusion >> x-diffusion)
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 pressure x-derivative >> pressure y-derivative:

 no swirling
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Boundary Layer Integration Analysis
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Boundary Layer Integration Analysis

Mass Conservation

YxRdVd 

Assumption: no swirling, R>> Y > , T

mass inflow rate = mass outflow rate
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dy

Boundary Layer Integration Analysis

Momentum Conservation

net x-force = net x-momentum outflow rate
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Boundary Layer Integration Analysis

Momentum Conservation

pressures forces = 
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Boundary Layer Integration Analysis

Momentum Conservation

net force  = dxdypRd
dx

d Y
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Boundary Layer Integration Analysis
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Boundary Layer Integration Analysis
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Boundary Layer Integration Analysis
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Boundary Layer Integration Analysis

Energy Conservation

net energy outflow rate =
heat sources + work rates done on CV

0 0     Y YRd dx u Rd dx u       

work rate by shear forces = )()0( YWW  

=0

net energy outflow rate = 0

Assumptions: no external sources

negligible pressure work
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Boundary Layer Integration Analysis

Energy Conservation
total energy i = internal + kinetic + pressure energy

energy inflow rate =
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Boundary Layer Integration Analysis

Energy Conservation
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Boundary Layer Integration Analysis

Energy Conservation
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Boundary Layer Integration Analysis

Thermal Boundary Layer Thickness
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Boundary Layer Integration Analysis

enthalpy thickness
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Boundary Layer Integration Analysis

Energy Conservation
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Boundary Layer Integration Analysis

Energy Conservation
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Boundary Layer Integration Analysis

R(x)

CV
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Boundary Layer Integration Analysis

R(x)
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Boundary Layer Integration Analysis
uniform flow over a flat-plate

flat-plate flow:                              and   constantU 0
dx

dR

Assumptions: 

• constant density: 

• constant properties:

• uniform wall temperature:

• no blowing/suction:

• kinetic energy << thermal energy: Ec << 1

 constant
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
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
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Uniform flow over a flat-plate
~ momentum boundary layer ~
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d

U
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 guess velocity profile within the boundary layer

e.g. polynomial of 3rd order:  23
2


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
U

u )(xy where

2 0

0 0 0
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 
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Uniform flow over a flat-plate
~ thermal boundary layer ~

 guess temperature profile within the boundary layer

e.g. polynomial of 3rd order:
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~ No net conduction at wall because there is no convection there.

 

 
0

0

   
T

u T T dy
d

dx U T T





  

 
  

    
  
 



24

 case I:    (Pr <1)T  

 23
2





U

u

 2

0

0 3
2









TT

TT

for  0 :Ty  

for  0 :Ty  

 23     for  0
2
1                  for  T

yu

U
y

      
    

 2

0

0 3
2









TT

TT

 case II:    (Pr >1)T  

 

 












TTU

dyTTu
T

0

0
2

  TT f 





  3

2 280

3

20

3

    TT f 



4

432
2

280

3
3535141

T   
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 

 












TTU

dyTTu
T

0

0
2

T   

 23
2





U

u

 2

0

0 3
2









TT

TT

 case II:    (Pr >1)T  

        0 0 0 1T T T T T T T T         

       2
0

2

0 0

3
22

1 3
T T

T T T Tu dy dU y
 

 


 
       

 

T Ty y           

Ty  

     
1

2 2 2
0

0

3 1 3  
2 2 TT dU T 
              

 

     
1

2 2 2
2

0

3 1 3
2 2T Td f
                  

26

Uniform flow over a flat-plate
~ thermal boundary layer ~

  dx

d

TTcU

q

p

2

0

0 







 wall heat flux:

 
















 TT
k

y

T
kq

Ty
0

0
0 2

3

 





U
f

dx

d
TT 2

3

Momentum and thermal boundary layers begin at the  

same location: 0)0(    and   0)0(    ..  TCI

From the scaling analysis we know that

   xT 



    Pr

  








Ufdx

d T
T 2

3

   

1 2

3
T

x
x

U f

 
     

 2 Tf   

 2

0

0 3
2









TT

TT
Ty  

T   

280
( )

13

x
x

U


 
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Uniform flow over a flat-plate
~ thermal boundary layer ~

  12 Pr
280

39  f

   

1 2

3
T

x
x

U f

 
     

280
( )

13

x
x

U


 

     
2 2280 13 33 9

13 280 28 P

3

0 rT

x x

f fU f U 


    

 



 

  

T   

28

Uniform flow over a flat-plate
~ thermal boundary layer ~

 case II:    (Pr 1)    i.e.   1T T        

  33 3

20 280
f

      
 

    1
1

1 2 1 3
/

2
3

1/ 3 280
4.5

13
Pr

1
3 Re P

34
rRe

1 xT xx xxx            
 

  

 
1 2 1 30

0

3
0.331Re Pr

2 x
T

q xhx x
Nu

k k T T


    

 

3

20
 

  12 Pr
280

39  f

1/ 2280 280
( ) Re

13 13 x

x
x x

U





    

1/ 3
2 1 1/ 33 39 13

Pr Pr
20 280 14

          
 

 wall heat flux:  
















 TT
k

y

T
kq

Ty
0

0
0 2

3



15

29

 case I:    (Pr 1)    i.e.   1T T        

   2 3 4
4

3
1 14 35 35

280
f         



  2121 PrRe828.2   xT xx

1 2 1 20.530 Re Prx

hx
Nu

k
   

3 3
35

280 8
  

Uniform flow over a flat-plate
~ thermal boundary layer ~

  12 Pr
280

39  f

2 1 1 1/ 28 39 13 13
Pr Pr Pr

3 280 35 35
        

30

Uniform flow over a flat-plate
~ thermal boundary layer ~

 case I:    (Pr 1)    i.e.   1T T        

  1 2 1 22.828 Re PrT xx x      

1 2 1 20.530 Re Prx

hx
Nu

k
   

 case II:    (Pr 1)    i.e.   1T T        

  1 2 1 34.53 Re PrT xx x      

 
1 2 1 30

0

3
0.331Re Pr

2 x
T

q xhx x
Nu

k k T T


    

 
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Other Heating Conditions

non-uniform wall temperature

 wall heat flux given 

 non-constant properties: use film temperature:

 flow over a body of arbitrary shape

 unheated starting length xxTTxxTT   0000 for      ; 0for    

 xTT 00 

 xq0

  02
1

 TTT f



T

0x

32

Unheated Starting Length
~ flat-plate flow ~

Recall that for               (case II):  T

T





  3

2 280

3

20

3
 TT for     

20

3

 





U
f

dx

d
TT 2

3   0    .. 0  xCI T

  now     P.S. xT 





Both velocity and 
temperature profiles are 
approximated as 
polynomials of degree 3.



T

0x
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Unheated Starting Length
~ flat-plate flow ~

3 3

20 2T T

d

dx U

     
 

  0    .. 0  xCI T

• write 

• use the result:

T

 





U

x
x

13

280

 2  10
d

dx U


    

2 10
  2

d d

dx dx U

            
 

3 2 10
  2

d d

dx dx U

  
       



1 280
 

2 13 2

d

dx U x x

  
  

3 2 10
  2

2

d

x dx U

  
       



34

  0        ,      Pr
14

13

3

4
0

1
3

3 


  x
dx

d
x

Unheated Starting Length
~ flat-plate flow ~

3 2 10
  2

2

d

x dx U

  
       



3
3

2

4 20
  

3

x d x

dx U

 
   



20 13

280

U

U









 1 3
0

4 13
  Pr ,       ,     0

3 14

x d
x

dx


        

14 13
 Pr

3 14

x d

dx


  
1

3
 

13 4
Pr

14

d
dx

x


 

  
 

  113
Pr

14
x  

 





U

x
x

13

280
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Unheated Starting Length
~ flat-plate flow ~

0
10

3
 

13 4
Pr

14

x

x

d
dx

x






 

  
 

 

1

1 0

13
 Pr  

314
 ln ln

13 4Pr
14

x

x





         
 

1
3 4

0

1

13
 Pr  

14
 

13
Pr

14

x

x






    
 

3 4

1 1 013 13
 Pr Pr
14 14

x

x
        

 

3 4

3 1 013
 Pr 1

14

x

x

          

   


1 33 41 3
1 3 013

 Pr 1
14

T x

x




                    

1

36

 
3143

02131 1RePr528.4


















 

x

x
xx xT

Unheated Starting Length
~ flat-plate flow ~

  1 2280
Re

13 xx x   

 
1 33 41 3

1 3 01 213
 Pr 1

280
Re

1314 xT x
x

x
x





 
                  

1 33 41 3
1 3 013

Pr 1
14

T x

x




                   
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Unheated Starting Length
~ flat-plate flow ~

 
3143

02131 1RePr528.4


















 

x

x
xx xT

   
 















































0

3143
002131

0

0
0

for     1RePr332.0

0for                0

2

3

xx
x

x

x

TTk

xx
TTk

xq
xT

 









































 0

3143
02131

0

0

0

for     1RePr332.0

0for                   0
)(

xx
x

x

xx

TTk

xxq

k

hx
Nu

x

38

Heated Spot
~ flat-plate flow ~

or  

















T

dyTTuc
dx

d

y

T
k p

y 00

or 
















T

dyTuc
dx

d

y

T
k p

y 00

ˆ
ˆ

 TTT̂   where



1x 0T 2xT T

 TU   ,  

  dx

d

TTcU

q

p

2

0

0 






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Heated Spot
~ flat-plate flow ~


















T

dyTuc
dx

d

y

T
k p

y 00

ˆ
ˆ

 TTT̂   where

 The equation is linear in T̂

 If                and               are both solutions, so is yxT ,1̂  yxT ,2̂    yxTyxT ,ˆ,ˆ
21 



1x 2x

0ˆ  ,   TU

0

ˆ

   

T T

T T

 
 

ˆ 0T  ˆ 0T 

 If                is a solution, so is yxT ,1̂  1̂ ,   ,  T x y R 

40

Heated Spot
~ flat-plate flow ~

+

),(2̂ yxT



  TTTT 02̂2x

0ˆ  ,   TU

0



1x 2x

0ˆ  ,   TU

TT ˆ0ˆ T 0ˆ T



1x TT ˆ

0ˆ  ,   TU

),(1̂ yxT

0

ˆ( , )T x y
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Heated Spot
~ flat-plate flow ~

 
3143

12131
1,0 1RePr332.0


























x

x

x

Tk
xq x

xx 1

 
3143

22131
2,0 1RePr332.0


























x

x

x

Tk
xq x

xx 2



1x TT ˆ

0ˆ  ,   TU

),(1̂ yxT

0

),(2̂ yxT



  TTTT 02̂2x

0ˆ  ,   TU
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Heated Spot
~ flat-plate flow ~
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Heated Spots
~ flat-plate flow ~
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Heated Spots
~ flat-plate flow ~
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Arbitrary wall temperature
~ flat-plate flow ~
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Arbitrary wall temperature
~ flat-plate flow ~
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Wall Heat Flux 
~ flat-plate flow ~

Expect:   0for       as    )(  and  )0( 000   xqxxTTT

Also expect: T because initially the temperature difference is small.

Polynomial of 3rd degree:
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Wall Heat Flux 
~ flat-plate flow ~
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Wall Heat Flux 
~ flat-plate flow ~
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Wall Heat Flux 
~ flat-plate flow ~
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