I Unp, Y 8(x).57 (%)

—_— To,l)o

Assumptions: incompressible, no external sources, no swirling

Considerations. u_ (x) (pressure gradients)

Po(X) (stretific ation)
vo(X) (blowing's uction)

To(X) (nonunifor mwall temperature)

R(x) (change of body shape)

Boundary L ayer Approximations:

B x-momentum (u) >> y-momentum (v-Vj)

(x-convection >> y-convection)

. —— ou ou aT aT
W y-derivatives >> x-derivatives, — >>— S
y-derivatives deratesay>axanday ™
(y-diffusion >> x-diffusion)
_ .. dp _dp
B pressure X-derivative >> pressure y-derlvatlve:& ~dx
(1@] Z(E@] —u, Y= Bamuli equation)
P X ithin bt \P X outof b, dx
M no swirling




‘ Control Volume
--""""--

Rdg—qx 7Y

dV = Rdg-8x-Y

‘ Mass Conservation

Assumption: no swirling, R>> Y > §, ¢
mass inflow rate = mass outflow rate

v=Y

’ Y
Ip\'\dwy + povoRagax
0

dy Y q Y
={Ipu ¢dy}+cb({fpuRd¢dy}dX+ py Uy (R+Y)ddx
RAP y=0 Lo o — )7

dx

Ly =poL _id R} udy
dv =Rd¢-ox-Y PyVLy =PoYo R dx OP




‘ Momentum Conservation

net x-force = net x-momentum outflow rate

=y Y
momentum inflow rate= [ pu®Rdody
0

dy +0- PoYo Rdd)dX
momentum outflow rate =

y=0 Y Y
Rele™="dx {jpqud¢dy}+d{jpu2Rd¢dy}dx
0 dx (o
+ Uy‘pyl)y(R+ )d¢dX
for R>>Y
%{}pqud¢dy}dx+ Uy - p, L, Rdodx
0

net momentum outflow rate =

5

Momentum Conservation

Y
yessures forces = {jp ¢dy}
0

(i) el

d
+ p&(qu)Y)dx

dy

shear stresses = — tyRdgdx + /Y(R+Y)d¢dx
forY> o

d(} d
=__ —(RdoY )dx —
net force dx('([ deq)ddex +p dx( Y )dx — ¢, Rddx
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Momentum Conservation

d(¥ d
net force = —&{ {) de¢dy}dx + p&(ROM)Y)dX —1oRdgdx

= net momentum outflow rate

dx+ u, -py,v, Rdpdx

= i{} u’Rdddy
dx op

1d|_f
Because: p = p(x) and u,= U_, and pyvy =pgug _E&{RIPUW}
0

©

_ ©

“dx R dx

~Ty =PV U, ~Yp,U v, Y. d (

R}pudy) + %di( REpuﬂy)

0 X

0 Y
. . pu pu
displacement thickness &, = [|1- dy ~ (1— ]dy
* * ! (j,[ pwa] { P
P

Y+8;

for Y>3&: ]'pmuwdy: J'pudy :]Cpudy+pwa61
0 0 0

Y

p.U.3, = [(p.U, —pu)dy

0




Y -5, Y

Y
0

Y Y Y
momentum loss=m-U, - [pu’dy = [U, -pudy—[pu’dy =p,UZ5, =drag
0 0 0

9

— dUoo Uoo i X li v 2
_TO - pOUOUoo YpooUoo dx R dX(Rngdy)-i- R dx(R‘([pu dYJ

10

T _dd,} povg +62{(2+81j1duw +1dpw+1dR}

5, /U, dx p, dx Radx

blowing/suction pressure gradients | | Stratification

change of body shape
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‘ Energy Conservation

net energy outflow rate =
heat sources + work rates done on CV

y=Y _
Assumptions: no external sources

negligible pressure work

work rate by shear forces= W(0) +W(Y)

RAE—qx V70
= —T,Rdgdx 4, + 3Rdgdx-u, =0

net energy outflow rate=0

11

Energy Conservation
total energy i = internal + kinetic + pressure energy

Assume: negligible x-diffusion

V=T energy inflow rate =

Y
I|N¢dy + io . pOUORdd)dX + q6 . Rd¢dX
0

energy outflow rate =

dy

RiT—ax 270 1y q(Y
(ji -pu ¢dyj+d(ji -puRjd)ddex +iy - pyLy Rdpdx
X
0

0
+ 0K - Rdddx

d(f . _ ,
= &[I' 'PURdY}"Y “PyVyR—lg-pguoR-0p-R=0
0
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Energy Conservation
total energy i = internal + kinetic + pressure energy

d(r. . : )
&[J] . puRdyj +_|Y_' [zxi)yR— |0 . poUOR—qO -R=0

0 1 \%
~i = —-——<R|pud
~l,  PyVy =PoYo Rdx{ ,([)P y}

i(R}i- udy)+i ‘Ripov —li{R} udy} i obLR-aR=0
dx op o PoVo R dx op 0 " PoYo o

13

Energy Conservation

Rd

o = 1d[RIPU )dy] povolio i)

i=e+l|ﬁ|2+§ ~e+lu +§=h+%u2 ~h - Ec <<1

Y
if constantc,=>  qp = %%(RIPU%(T T, )dYJ ~poVoCp(To—Ta)
0
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* Thermal Boundary Layer Thickness
enthalpy thickness 4, = Tpu(i —iw)dy/pwa(io—iw)
0

y pRp,
usU, Y +9,
N I—— I8
............ ......__.———'—"_.___'
¥-9, o
Ccv P
u

Y
m=[pudy =p,U, (Y-3,)
0

Y Y Y
energy gain = [i-pudy—i, -m= [i-pudy—i, - pudy = (i,~1,)p.U.A,
0 0 0

15

* Thermal Boundary Layer Thickness

J.pu(i—iw)dy
pwa( ~i,)

_[pu cT cprw dy

~ - Ec <1
pwa(CpoTo c,.T.)

po "o

enthalpy thickness »,

Tpu(T -T,)dy

~—0 if constant c
pooUoo (TO _Too ) I P

c
—_
=

W for p=p(x)=p,(x)

16




. [u(T-T.)dy
Energy Conservation A, =0

, 1d(.
& = 5| RIp.ue, (T=T.)dy |-pc, (T,-T.)
d(_Y d
&(Rgpwucp(T—Tw)dy)_&(pwchgu(T—Tw)dy)
d
=Cp&{prUw(To—Tw)A2}
1
R T-T
p.U.c, (T,-T,)d ( gpwuc"( w)dyj
1 d
- —{p.RU_(T,-T.)A
pwa(TO_Tw)dX{pw OO( ’ w) 2}

Energy Conservation

(o4 _ 1 1d
p..CU.,, (T0 —TOO) p. U, (T0 —Tw) R dx

oAU (T P

0~ o

"

Uy _ da, ~ PoYo

[wall temperature variations ’

d(T,-T
+A, idijLidpx JLOR, 1 (To-T.)
U, dx p, dx Rdx (T,-T,) dx

18




T __ P 85, +52{(2+ﬁjiw_w+id&+idi}

p,UZ  p U, dx 5, )U, dx p, dx Rdx
% _ pouo+dA2+A2 1du,, 1dp, 10R 1 d(T,-T.)
p.U.C(T,-T,) pU, dx U, dx p, dx Rdx (T,-T,) dx
19

du, U, d(. 1d( , j
—T, = u,-p U > ——=—I R[pudy [+ =—| R[pu
1 Y
0 = Ed_( R.‘(; p,UC, (T _Tw)dYJ —PoYeC, (To _Too)

20
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fla-plateflow: U, - corsat and IR _g

dx

Assumptions:

« constant density: p = constant = p,,

* constant properties: k,Cp, netc.

« uniform wall temperature: Ty = constant
» no blowing/suction: v, =0

* kinetic energy << thermal energy: Ec<<1

To__ 5z
pUE X
aP% _dAp
pooUoon(TO _Too) ax
21
W guess velocity profile within the boundary layer
10 ds, e.g. polynomial of 3rd order: Lzﬂ(g_nZ) where 1= y/8(x)
u?2 T dx Up 2
BCs un=0)=0,u(n=1)=U,, (n=1)=0, < (n=0)=0
oy oy
2 pu u £ pu u 39 ou 3u
8, =[] 1-—|dy=[P—|1-— |dy="—"rb , 1,= =2y
= % lpmum[ umjdy J;pwuw( Uw]dy 80 ”[ayjy_o 2% "

d5 280
== o5 — = 22 | C. -
dx 13 p U, c. 3(0=0

= 6(x)=J%-x-Re;1/2 z4.64~x-Re;]/2

Ct =3/ 2 Re;2 ~ 0.646Re; Y2
280 22




0

oY da, _d| 3

fpur-T)ay | ITPU(T—Tw)dy

pU.C(T-T.) o o pU(T,-T.) | & pU.(T-T.)

W guess temperature profile within the boundary layer

e.g. polynomial of 3rd order:

® TO_T ﬁ

TTo-T. 2

z,(g_gz) where ¢ =y/57(x)

T

. o) o 9T ey _ 0=
B.Cs @(g_o)_o,(a(a_l)_l,ay(g_l)_o, ayz(a_o)_o

~ No net conduction at wall because there is no convection there.

23

Bcasell: § <5 (Pr>1)

3 3 3
Ap=|=Aa-——n3|57 = ()5
2[5t 07 = H0)5r

Wcasel: 5 >8 (Pr<i)
éa

A =(-1+1402 - 358% 1 350%) 3 :
280A

37 =f(A)-87

A=38./8
for 0<y<§;:
U M3
U, 2(3 )
= To—T _&(3_¢2
G)_TO—TQO_Z(S E’)
for 0<y<é;:
u 2(3—112) for 0<y<$s
V. 1 for 5<y<9;
_To-T _E( .2
_TG*TOO_2(3 é) 24

12



A=38,/8
E-’Ey/ST
1153//8:3//8T'8T/8:§'A

Bcasell: § <5 (Pr>1) U M, 2
5 Uw_2(3 )
a
ff T - To-T =§(3_§2)
T To-T, 2
(T-T,)=(T-Ty)+(T,-T,)=(T,-T, ) (-©+1)

Tu(T—Tw)dyzum (T, —Tw)sjj2(3_1]2).{1—2(3_&2)}@

0

=Uw(T0—Tw)_IAg(3—AZE_,2).[1—2(3—&,2)} 8, dg

A, :SToAJE(S—AZ&Z)[l—2(3—&2)}%:&of(A) N

Tg-T = _
a dA, m wall heat flux:

” oT 3k
% = —k[fJ = —(To-T.)
y=0

A, = f(A)S; oy 257
l B Momentum and thermal boundary layers begin at the
d 3« samelocation: | ¢ §(0)=0 and &7(0)=0
dr—f(A)or ==—
dx 2Uq From the scaling analysis we know that
l A=OT A(Pr) = A(x)

B

26
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aT(x>:[ sx jw A=5, /3

u,f(a)

6(X)= @LX
13U,
3ox 280vx 13 3o 2 39

8% = === =, =52%.
T U, f(A) 13U, 280 vf(A) 280Pr- f (A)

A2f(A)= D prt
280

27

A2 (a)= 22 prt
280
Bcasell: § <<§ (Pr>>1) ie A=3§,/6<<1
1/3
f(A)z(iA—iM ziA AZ.S_AZEPﬁSA:(gJ PrY3
20 280 20 20 280 14

5(X)= @LX= @.X.Re;llz
BU, V13

1/3
8 (X)=A-8(x)= B prus, |20 Re 2 - 453 x.Re 2 pr
! 14 13 " "

oT 3k
m wall heat flux; of = —k(fj =——(To-T,)
oy y=0 28T

Nu=X o BX X aapee s
< K(T,-T.) 25, )

14



A2f(A)= 2 ot
280

Wcasel: §; >>3 (Pr <<1) ie A=8;/8>>1

f(A)=(-1+14A% —35A° +35A") 3 . ~35..3 _3
280A 280 8
AZ =§£Pr_1=EPr_13A= Epr_llz

3 280 35 35

5t (x)=2.828- x- ReyY 2 pr¥?2

Nu = % =0.530-Re/?- Pr¥?

29

mcaell: § <<§ (Pr>>1) ie A=3§,/5<<1

8; (%) =4.53-x.Re;V2.@

Nu o ax 3 O.331Re1x/2-@
k k(T,-T,) 25,

WMcasel: §; >>38 (Pr<<1) ie A=8§,/8>>1
8;(x)=2.828-x-Re,’*-P

Nu :%: 0.530-Re!?. P

30
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mnon-uniform wall temperature Ty = Tg(x)

m wall heat flux given 96(X)
B non-constant properties: use film temperature: T f E%(To +T.,)
H flow over abody of arbitrary shape

W unheated starting length T, =T, for 0<x<xg; Tg# T, for xg <x

6 ............
""""""""""""""""""""""""" St
-0’ ‘$'
X0 3
3

--------------
-------

Recall that for 5, <5 (casell):

Both velocity and 3 3 .3 3
) Ap=| —A———A |87 =~=2A.
temperature profiles are 2 (20 280 j T xophr for o7 <<
approximated as
polynomials of degree 3. d 3 a
BT&f(A)BT:ET I.C. 51(x)=0

PS A= % = A(x) now

32
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d(3A 3a
o, —| —9&; |=—— C. =
TdX(ZO Tj 2U, I.C 8T(X(J) 0

e write ST = A8
280 [vx dd 11280 v _

)
L[] . = 1 = )
use the result: 5(x) 13 \U,, dx 2\ 13U_x 2x

- ASE(AZS) -10-%
dx u

©

= AS(A2-®+6-2Ad—Aj=1O—a
dx dx ) U,
= A3.@+5.ZA2d_A=10_a = A3.i+5.2A2d_A=10_a
dx dx U_d 2X dx U_d

33

280 [ vx
8(x) == =
1) -2A2d—A _ 10a 13 U,

= A —+3 =
2X dx U_d

2, 4xdA’ 200 x 200 18U,
3 dx U, & U, 280 v

3
3 4 dA” 13 1
A+ —x——="Pr . Alxg)=0
3 dx 14 (o)
g Xd¥ 13, LW =A%, ¥(%)=0
3 dx 14
SE PN -\ U PSR L S

17



3(x)= [@X-Re;”2
13
,1/3
e
14 X
13 34 -3
= ST(X)=(§] ~,/%X-Re;“-Pr‘“-{1—(%j }

ya)¥®
ST(x)z4.528-Pr_j/g-Re;J/Z.x{l_(XO) }

5_'r
o

X

36
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"

s

Nu =

ya) V3
37 (x)= 4528 Pr Y3 Re¥2. x.{l—("f’) }
X

0 for 0<x<Xg
3K(To-T..) 43
X)=22 0" "o/ B 34
¥ 287 0.332-Pr1/3-Re]){2.|M{1_[X0j } for x> %
X X
0 for 0<x<xg

_hx_go09x 347 Y3
k' k(To-T,) O.332-Pr]/3-Re1){2.{1_(X0j } for x> %
X

37

.......
wnns
wnn®
-----
.
.
------
--------------
-----------------
ws

ws
.
et

.
.
.
.
.

T dor
or _k(iJ o JpCpu(T—Tm)dy
y=0 X

5
ot I )
or _k[ ] =— [pcpufdy  where T=T-T,
y=0 dx

38
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.-
it O et vseeeenn
...................
......................
B PP L L
ettt et
R it AL
3 - -
ST et e
DS A L Y
ST et e
o et e
o .ot .t
Od . .
5 K 8
B X .
=T,-T,

= Theequationislinearin T
® If Ty(xy) and Ta(xy) areboth solutions, sois T(x, y)+ T,(x,y)

& If T(xy) isasolution, s0is oT,(xy) , ceR

39
T(xy)
Uw ’ TAOO =0 ey é ----------
T=0"7_47r %2 T=0
)
Ug T 0 R T Uy, T = Qe 8
:o R - + :o’ o
~ 0 ~
0 X T=AT X2 T,=-AT=-(Tp-T,)
40
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X

34) V3
d1(x)=0332- P Re}. % . {1_ [ Xl] }

PEl
G

R e
........... R S

T:0 XlT:AT 2 f:o

i for 0<x<x
kAT ¥
0'332'Pr]/3‘Re¥2'_.{1_(ﬁ] ] forx, <x<x,
X X
g yaT Y3

e I

42

21



To(¥):

ATy + AT,

R ATy
TL(0-T.=T,00: 0 |—I Al +ATp+ 4T3

T=T-T,
ATi =Tojiv1—To,i

43

'I:(x, y):

To(x,y):

To(x,y):

'I:3(x, y):

ATl + ATZ
AT
0 1 ATl + AT2 + AT3
1
ATy
0 1
+
AT,
0 L
+
0
ATy

44
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Tk de
To(8)+dTo() L
To(€)— o — To (&)+dTo(8)
Lo :> oE—
€ & +dg & I§+ de

45

0 for 0<x<§
" _1/3
To (‘:) +dTg (E.\) foc () = l0_332. pr¥s. Re]){z' deO(é) . {1_ [§)3/4} for &< x

' X X
Tole) | i
€ &+dg
ao(x) = ; Aoz (x)
age
dT,(2) [ 13 12 K g\ e dTo(E)
0 o€ qo(x):£0.332-Pr Rej2.. 1{}) T@dé

46
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.t

Expect:  T(0) =T, ad To(x) T as x T for g§(x)>0

Also expect: o1 <& becauseinitialy the temperature differenceis small.

Polynomial of 3rd degree: Agy =~ 2_2 St

a7

d d

oc U :&{AZ(TO_TOO)} 3(x) = %'X'Rexl/z
p~ o

3kaT(x

N

Recall (polynomial of 3rd degree) : Q6(X)=§ 5700 AT(x)=To(x)-T,,

[a(e)de
pcU..

3A
Ap~—3
K 2 20 T

= 0,-0T[, =4, ()-AT (x)

2
3 3, _3 .(EKAT] ATl KL
=g O AT =205 8 AT o557\ 2 g

" d
aos a7 () 1%
27 K pc U,

48
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if g;=0 for0<x<x, and g =constant for x> x,

....
.®

0 (£)dE 0 for 0<x< X,
ATS = = "2 ", —
(X) 27 k2 pCpr 808 QOZ qO (X XO)
27 k pc U

for x, < x

0 for 0< x< X,

AT(X)=To(X)-T, =1 (805 (x- v
0 27K (pC L)J(O ! forx, <x

49

if gp=0 for0<x<x, and g =constant for x> x,

0 for 0<x<x,

AT (X)=Ty(X)-T, = 0 - "
()=To (x)-T. 2.396-%(X-Rexysz for x, <x

©

0 for 0<x<Xx,

- ¥3
0417-Re2Pre.[1-2 | for x> x,
X X

50
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